Given a switched system, we introduce weakly mixing sets of type 1, 2 and Xiong chaotic sets of type 1, 2 with respect to a given set and show that they are equivalent respectively.
Introduction
A switched system consists of a family of subsystems and a rule that governs the switching among them. More precisely, letting X be a metric space not necessarily compact and G = {f 0 , f 1 , . . .} a family of countable continuous self-maps of X, we consider the discretetime dynamical system in the form of
where x n ∈ X, ω n takes a value in the finite-symbolic set I {0, 1, · · · }. If we denote the set (also called symbolic space) of all mappings N → I by I N = {ω : N → I}, then switching can be classified into two situations: (i) arbitrary switching; that is, the switching rule can be taken arbitrarily from I N ; (ii) switching is subject to certain constraints;
i.e., the switching rule is characterized by a subset of I N .
Switched systems are found in many practical systems, see [10] and [26] . When the switchings are arbitrary, one can take the switched system (1.1) as a free semigroup action G generated by G, i.e., G = n∈N G n , G n = {f ωn · · · f ω 1 | ω i ∈ I, i = 1, · · · , n}. There are many works for dynamical systems under semigroup actions: topological entropy [4, 6, 30, 31] ; transitivity, mixing, and chaos [7, 28, 29, 33, 27, 12] ; sensitivity [14, 24] ; shadowing property [2, 12] ; specification property [25, 12] ; we refer the reader to the references therein for other related investigations.
Let (X, T ) be a topological dynamical system(TDS), where X is a compact metric space and T is a continuous self-map of X. Given two open sets U, V of X, the hitting time set of U, V is defined as N(U, V ) = {n ∈ N : U ∩ T −n (V ) = ∅}. The notion of weak mixing for a TDS is classical. Recall that (X, T ) is weakly mixing if for any four non-empty open subsets
is not empty. Xiong and Yang in [32] gave a characterization of weak mixing by chaotic sets. (After more than twenty years, Oprocha [20] showed a shorter proof to help us pass through it.) Recall that a subset K of X is said to be a Xiong chaotic set with respect to a given increasing sequence {p i } if for any subset F of K and any continuous map φ : F → X there exists an increasing subsequence
if it is Xiong chaotic with respect to {n}. Blanchard and Huang [5] introduced the notion of weakly mixing set and proved a TDS with positive entropy has many weakly mixing sets.
Recall that a nondegenerate closed subset A of X is weakly mixing if for any n ∈ N, any non-empty open subsets U 1 , U 2 , · · · , U n and V 1 , V 2 , · · · , V n of X satisfying U i ∩ A = ∅ and
Recently, mixing sets of finite order and relative dynamical properties are widely studied, see [15, 21, 22, 23, 16, 3] . There are many other notions that are stronger than weak mixing, such as strong mixing, ∆-transitivity, and ∆-mixing. It is known that ∆-transitivity implies weak mixing [18] . We refer the reader to [8, 9, 33] for more about ∆-transitivity. Later, Huang et al. introduced the concept of ∆-weakly mixing set [11] and proved that if a TDS has positive topological entropy, then there are many ∆-weakly mixing sets.
On the other hand, We find that the definitions of weakly mixing in [12] and [7, 29, 33] are slightly different, which are called weak mixing of type 1,2 (for short WM1 and WM2) in this paper.
WM1
Under the setting of [12] , let G 1 = {f 0 , . . . , f m−1 }. Let G be the semigroup generated by G 1 . Then semigroup action G is said to be weakly mixing of type 1 if for any nonempty
WM2 Under the view of [7, 29, 33] , we say that (X, G) is weakly mixing of type 2 if for any
It is clear the W M2 implies W M1. Hui and Ma [12] gave some characterizations for WM1 under a constraint: semigroup has shadowing property, and Zeng [33] gave some characterizations for WM2 under a condition: every element of the semigroup G is surjective.
Inspired by the work of Blanchard and Huang [5] , we respectively introduce weak mixing sets and Xiong chaotic sets of type 1,2 with respect to a given set for switched systems.
Let Λ ⊂ I N . If the system (1.1) is subjected to Λ, then we denote the switched system by (X, G| Λ ). Our aim is to show that weakly mixing sets and Xiong chaotic sets of type 1,2 with respect to a given set for (X, G| Λ ) under the two different views respectively are equivalent (Theorem A).
WM1 and WMfor a switched system
Let I = {0, 1, · · · }. For n ∈ N we denote by I n the set of words of I of length n, i.e.,
n be the set of all words of I.
Suppose Λ is a subset of I N . The pre-language of Λ is defined by L(Λ) = {u ∈ I * :
where l(u) denotes the length of u. We denote by
n the pre-language of words of length n.
Let X be a metric space with metric d, which is not necessarily compact. Consider a family of countable continuous self-maps G = {f i } i≥0 of X. Given a subset Λ of I N , we consider the switched system (1.1) under the switching sequences subjected to Λ. This system can be characterized by the action G = ∪ n G n on X where
We remark that the action G is not a free semigroup acting on X when Λ is a proper subset of I N .
Now, we introduce the notions of WM1 and WM2 with respect to a given set for switched systems and give the main theorem in this paper.
For every two non-empty open subsets U, V of X, the hitting time set of type 1 and hitting time set of type 2 of U and V are respectively defined as
If no misunderstanding is possible, we omit the subscripts.
Definition 2.1. Let (X, G| Λ ) be a switched system. Let K and Q be two subsets of X. For n ∈ N and n ≥ 2, if for any non-empty open subsets
then we say that K is weakly mixing of type 1 with respect to Q of order n; if there exists an
then we say that K is weakly mixing of type 2 with respect to Q of order n; The set K is said to be weakly mixing of type 1, 2 with respect to Q respectively if K respectively is weakly mixing of type 1, 2 with respect to Q of order n for every n ≥ 2.
Remark 2.1. Suppose X is compact. (i) If X = K = Q and |G| = 1, then the definitions of WM1 and WM2 coincide with the definition of weak mixing in classical dynamical systems.
(ii) If K = Q ⊂ X and |G| = 1, then these definitions and the concept of weak mixing sets in dynamical system(see [5] ) coincide.
(iii) If X = K = Q and |Λ|, then this two definitions and weakly mixing of all orders in [3] coincide.
. . commute with each other, then the following statements are equivalent:
(i) X is weakly mixing of type 2 with respect to itself;
(ii) X is weakly mixing of type 2 with respect to itself of order 2;
Proof. It is clear that (i) implies (ii). Given nonempty subsets
Then for any w ∈ N(U, V ), we have w ∈ N(U 1 , V 1 ) and
. It follows that for any n ≥ 2 and U 1 , . . . , U n , V 1 , . . . , V n , there exist nonempty subsets U n+1 , V n+1 such that
. It follows that ws ∈ N(U n+1 , V n+1 ). Repeating the process completes the proof. Definition 2.2. Let (X, G| Λ ) be a switched system. Suppose C and Q are two subsets of X. We say that C is Xiong chaotic of type 1 with respect to Q if for any subset E of C and any continuous map g : E → Q there exists an increasing unbounded sequence {q i } in N such that for every x ∈ E there is a sequence {w
; Xiong chaotic of type 2 with respect to Q if for any subset E of C and any continuous map g : E → Q, there exists an increasing unbounded sequence {q i } of positive integers and ω q i ∈ L q i (Λ) such that lim i→∞ f ωq i (x) = g(x) for every x ∈ E.
Following the idea in [17] , we call a pair (x, y) ∈ X × X scrambled of type 1 if there exists two infinite sequences {ω i } and {s i } with
scrambled of type 2 if there exists an infinite sequence
A subset C of X is called scrambled set of type 1, 2 respectively if any two distinct points x, y ∈ C respectively form a scrambled pair of type 1, 2. The switched system (X, G| Λ ) is called Li-Yorke chaotic of type 1, 2 respectively if there exists an uncountable scrambled set of type 1, 2 respectively.
We can deduce the following result directly from the definition of Xiong chaotic set.
Proposition 2.2. Let (X, G| Λ ) be a switched system, Q a closed subset of X. Assume that Q is nondegenerate. If C is a Xiong chaotic set of type 1, 2 respectively with respect to Q, then C is a scrambled set of type 1, 2 respectively.
Theorem A. Let (X, G| Λ ) be a switched system and Q a nondegenerate subset of X. If K is a perfect compact subset of X then K respectively is weakly mixing of type 1, 2 with respect to Q if and only if there exists F σ set which is Xiong chaotic of type 1, 2 with respect to Q and dense in K respectively.
Since the proofs for the two cases are similar, we only give the proof of type 2.
Proof. The necessity part comes from lemmas 3. Proof. Fix n ∈ N. Suppose U 1 , U 2 , . . . , U n , V 1 , V 2 , . . . , V n are 2n non-empty subsets of X and 
This completes the proof.
Necessity of Theorem A
We will use the methods developed in [20] to obtain the necessity of Theorem A. First, we introduce some tools we need in hyperspace.
Let (X, d) be a compact metric space and A a non-empty subset of X. We say A is totally disconnected if its only connected subsets are singletons; perfect if it is closed and has no isolated point; Cantor's if it is a compact, perfect, and totally disconnected set; residual if it contains a dense G δ set. We write B(x, ε) = {y ∈ X, d(x, y) < ε}, d(x, A) = inf{d(x, a), a ∈ A}, B(A, ε) = {x ∈ X : d(x, A) < ε}. Denote by B(A, ε) the closure of B(A, ε).
Recall that the hyperspace 2 X of X is the collection of all non-empty closed subsets of X The following family { U 1 , . . . , U n : U 1 , . . . , U n are non-empty open subsets of X, n ∈ N} forms a basis for a topology of 2 X called the Vietoris topology, where
It is well known that the Hausdorff metric d H is compatible with the Vietoris topology for 2 X (for detalis see [19] ). A subset Q of 2 X is called hereditary if 2 A ⊂ Q for every set A ∈ Q.
The following result is a key to the proof for the necessity, which is a consequence of Kuratowski-Mycielski Theorem (see Theorem 5.10 of [1] ).
Lemma 3.1. Suppose that X is a perfect compact space. If a hereditary subset Q of 2 X is residual then there exists a countable Cantor sets
Let (X, G| Λ ) be a switched system and Q be a subset of X. Given ε > 0, we say that a subset A of X is ε-spread in Q if there exists δ ∈ (0, ε), z 1 , z 2 , . . . , z n ∈ X such that
B(z i , δ) and for any map h : {z 1 , z 2 , . . . , z n } → Q, there exists k ∈ N with
Denote by X(ε, Q) the collection of all compact sets ε-spread in Q. Then X(ε, Q) is hereditary. In fact, if A is ε-spread in Q and B is a non-empty closed subset of A, then B is also ε-spread in Q. Set
Lemma 3.2. Suppose (X, G| Λ ) is a switched system, Q is a closed subset of X, and K ⊂ X.
If K is compact and weakly mixing of type 2 with respect to Q, then
Proof. First, we show that X(
Then there exists δ > 0 and z 1 , z 2 , · · · , z n ∈ X satisfying the definition of
Next, to prove X(
Since Q is compact, there is a finite subset {y 1 , y 2 , . . . ,
).
For convenience, denote V i = B(y i ,
2p
) for i = 1, 2, . . . , m and S = {α j = (a 1 , a 2 , . . . , a n ) :
weakly mixing set with respect to Q, there exists
. Using this process all over the sequences of S, we get k 1 , k 2 , . . . , k m n and ω
Lemma 3.3. Let (X, G| Λ ) be a switched system, and let Q be a closed subset of X. If 
for every x ∈ A.
Proof. For i ∈ N, C i is For any x ∈ A, there exists l x such that x ∈ C i for all i > l x . By continuity of h, for every ε > 0 there is l ε > Proof. It is clear that the the following tent map: We shall construct n elements ω i ∈ {0, 1} m such that
] then we replace f by f 0 ; otherwise, replace f by f 1 .
So for every x i there exists w i ∈ {0, 1} such that f w i (x) ∈ Q. Continuing the process, we can get the desired result.
